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Modeling of a Continuous Crystallization
Process for Solvent Dewaxing

Jun Li, Hao He, Saeed Alaamri, and Yuzhong Su
Department of Chemical and Biochemical Engineering, College of Chemistry

and Chemical Engineering, Xiamen University, Xiamen, China

Abstract: A steady 1-D parallel flow model was established for a continuous
solvent dewaxing process; the model equations were numerically solved to obtain
the wax supersaturations, amount of crystals, crystal sizes and crystal size dis-
tributions in the wax-oil-solvent solution along the flow direction. The effects of
the operating conditions, including temperature distributions, multiple dilutions,
and the composition of dewaxing solvent, the system’s characteristics, including
nucleation constant, nucleation order, and wax compound, and the crystallizer
dimensions on the formed wax crystals were examined and discussed in detail.
The system’s nucleation constant was determined by an experimentally obtained
recovery of wax; further predictions are in acceptable agreement with the results
from a pilot plant.

Keywords: Continuous crystallization; Mathematical modeling; Multiple dilutions;
Solvent dewaxing; Temperature distribution

INTRODUCTION

To ensure the fluidity of lubricant oil at low temperature, the long-chain
paraffin hydrocarbons (wax) should be removed from the wax-containing
oil feedstock; the process is called dewaxing. The technical methods
of dewaxing consist of the physicochemical method (e.g., solvent dewax-
ing, adsorption dewaxing) and the chemical transformation method
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(e.g., isomerization dewaxing, catalytic dewaxing). Solvent dewaxing is
one of the main steps in traditional manufacturing of lube base oil after
or before the solvent (furfural) refining process which was modeled in a
previous study (1). Furthermore, solvent dewaxing has its advantages
such as the variety of feed oil and the valuable byproduct like wax; there-
fore it cannot be replaced by other technologies although using the
chemical method is an inevitable trend in the lubricant industry due to
the increasing demand of high-grade base oils.

The principle of solvent dewaxing is simply to take advantage of
the high melting point of the long-chain paraffin hydrocarbons that
under low temperature can easily crystallize into solid wax crystals
through chilling the oil, and then by filtration the solid wax can be
separated from the waxy crude oil. It seems that both melt crystalliza-
tion and solution crystallization take place with regard to the crystal
formation mechanism, but the latter one is evidently in dominance due
to the decreasing of wax solubility in the bulk oil at low temperature.
Usually, dewaxing solvents such as ketone and toluene are used in
the process to make filtration easier and improve the recovery of lube
oil through meliorating the crystal formation and growth environment
and avoiding the formation of crystal networks. For an industrial sol-
vent dewaxing process, some indices, including consumption of energy,
filtration rate of the wax-oil-solvent mixture, recovery and pour point
of the lube base oil (i.e., the dewaxed oil, DWO), are mainly used for
evaluating the process.

It is commonly known that the wax crystal sizes and crystal size dis-
tributions (CSDs) consumedly affect these indices aforementioned. In
other words, an important issue for the dewaxing process is to study
the effect of various operating conditions on the formed wax crystals
to improve the traditional solvent dewaxing process. Partly for this pur-
pose, we have built a pilot plant of solvent dewaxing, from which some
results under different operating conditions were reported for a vacuum
distillate (Omen #3) using methyl ethyl ketone (MEK)-toluene as the
dewaxing solvent (2). In this work, we model the process to understand
the key factors affecting the crystal formation and growth of wax and
direct the pilot-plant operation, because this type of experiment is diff-
icult to carry out and experimental results depend on many factors.
Toward the end, we first modeled the continuous crystallization process,
then simulated and discussed the effects of various factors, including the
operating conditions, characteristics of the system, and crystallizer
dimensions on the produced wax crystals. Finally, the calculated recov-
eries of wax, defined as the amount of precipitated wax crystals divided
by the initial wax content in oil feedstock, were compared with available
experimental data.

2024 J. Li et al.
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MODEL

As Fig. 1 shows (2), the dewaxing process started by the premixing and
preheating of the wax-containing oil and the MEK-toluene dewaxing
solvent in a mixing vessel (M). The wax-oil-solvent solution then passed
through four tube-in-tube crystallizers (C1-C4) and a mixing (suspen-
sion) vessel (S) connected in series for chilling the solution to form
wax crystals. Finally, the crystals-containing suspension was separated
in a rotary drum filter (F) into solid wax (a slack wax-oil mixture)
and oil-solvent solution that should be further separated into desired
products. In addition to the dewaxing solvent added before the first
crystallizer for the premixing purpose, it could be conveniently fed into
the system between the first and the fourth crystallizers as shown in
Fig. 1. These dewaxing solvent additions are typically called a multiple
dilution process, which will be considered in modeling the process. In
the crystallizers, scrapers were installed and rotated with a low speed
of about 5 rpm.

In order to simplify mathematical description, assumptions are made
as follows:

1. The system between the first and the fourth crystallizers is considered
because crystallization could not start until the first crystallizer and
the suspension vessel is used as a reservoir for suspensions.

2. The wax-oil-solvent solution passing through the four crystallizers is
looked as a steady 1-D parallel flow due to the relatively long route
of the fluid. And the effect of the scrapers in the four crystallizers
on the formation and growth of wax crystals is neglected due to their
low rotation speeds.

3. Spherical crystals are assumed though plate crystals were observed
in most cases (2–4), because this treatment does not affect our
discussions. Furthermore, crystal aggregation and loss are neglected.

4. Both wax and oil are looked as pure substances because of their
complicated compositions.

Figure 1. Schematic diagram for a continuous solvent dewaxing process. M:
mixing vessel; C1-C4: crystallizers 1-4; S: suspension vessel; F-filter.
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It is known that normal paraffins (CnH2nþ 2 or Cn herein) such as
C20-C40 are present in high proportion in wax (5,6), among them C24,
C28, and C32 are the dominant compositions for many cases (3,5). There-
fore, it is acceptable to choose one of them as the representative com-
pound of wax. On the other hand, lube base oil usually has a relatively
high boiling point and low pour point; it is convenient to choose decane
(C10) as the representative compound of DWO, which has a melting point
of 243 K and a boiling point of 447 K.

Population Balance Equation (PBE)

Define n (¼dN=dL) as the particle population density function in rep-
resentative of the number of nuclei per unit volume of solution in the
nucleus size interval dL

n ¼ dN

dL
ð1Þ

where N is the particle density referring to the number of nuclei with
sizes from 0 to L per unit volume. It is known that nucleation triggers
from the combination of molecules to reduce the system’s free energy. If
the size of the formed crystals is less than that of the critical nucleus
Lcrit, they are embryos in a thermodynamically unstable state, and
can be dissolved into solution again. If the size of the formed crystals
is larger than Lcrit, the crystals or nuclei will grow up. The Dirac func-
tion d can be applied to describing this discontinuity. Although the fluid
velocity u changes following the addition of dewaxing solvent, it is fixed
in each crystallizer. As a result, the PBE can be established in an
increment dz along the flow direction in any crystallizer by neglecting
crystal aggregation and loss

u
@n

@z
þ @ðnGÞ

@L
¼ JdðL� LcritÞ ð2Þ

where J ¼ dN=dt is the rate of nucleation; G is the growth rate of
crystals, which is defined as dL=dt.

Crystallization Kinetics

In general, the primary and secondary nucleations occur simultaneously,
the sum of which is the overall nucleation rate. Relatively, the secondary
nucleation requires a low supersaturation because it proceeds on the base
of the formed nuclei, which plays an important role for formation of
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larger crystals in industrial crystallization. As a compromise, an empirical
form (7) is applied to the overall rate of nucleation

J ¼ KnDCp ¼ KnCp
satðS � 1Þp ð3Þ

where Kn is the nucleation rate constant; p is the nucleation order; DC is
the supersaturation of wax in solution; and S is the relative supersatura-
tion. Different supersaturations have the following relationships

DC ¼ C � Csat; S ¼ C=Csat ð4Þ

where C is the true wax concentration in solution; Csat is the equilibrium
solubility of wax in solution.

According to the overall mass deposition rate with a first-order
growth law (7), the overall linear growth rate can be expressed as

G ¼ kd

3qWfv=fa
CsatðS � 1Þ ð5Þ

where qW is the crystal (wax) density; fv is the crystal’s volume shape fac-
tor (p=6 for spherical particles); fa is the crystal’s surface shape factor
(p for spherical particles); kd is the mass transfer coefficient of wax by
diffusion which can be estimated with the Sherwood number Sh ¼
kdL=D. Because the particle Reynolds number is close to zero due to
the small crystal sizes in this study, then Sh ¼ 2. Consequently, equation
(5) can be reduced to

GL ¼ 4D

qW

CsatðS � 1Þ ð6Þ

Equation (6) indicates that GL is independent on crystal size, which is
required for the moment transformations as will be addressed later. In
equation (6), D is the mutual diffusion coefficient of wax in solution.
The wax molar fraction in the oil feedstock is about 0.1, and much less
than 0.1 follong the addition of dewaxing solvent when assuming that,
the solvent could be mixed into the oil. In this case (8), D can be
looked as the mutual diffusion coefficient at infinite dilution for a pseud
binary system (wax and solvent-oil), and the Wilke-Chang equation (9)
is applicable

D ¼ 7:4� 10�15 TðfMmÞ0:5

gðVw � 106Þ0:6
ð7Þ

where T is the temperature; f ¼ 1 is the association parameter for the
unassociated solution; Mm is the molar mass of the solvent-oil mixture
estimated by the molar masses of oil, MEK, and toluene with their
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compositions using the solvent to oil ratio (rSD) and MEK to toluene
ratio (rMT); V W is the molar volume of solid wax. By neglecting the
interaction of the solvent and oil and assuming a homogenous oil-solvent
solution; the solution viscosity g can be estimated with

ln g ¼ xS ln gS þ xD ln gD ð8Þ

where xS and xD are respectively the molar fraction of solvent and oil
(decane) in the solution. They can be calculated by the volumetric flow
rates (or the solvent to oil ratio rSD) and the densities of solvent and
oil. gD and gS are respectively the viscosities of oil and solvent, with
the latter one being calculated by using the same form of equation (8)
under any MEK to toluene ratio (rMT).

PBE’s Moment Form

The moment method was employed to solve the PBE in this study
because it can be converted into several sets of ordinary differential equa-
tions with different orders of moment, and can finally give relatively
accurate crystal size information (10).

The jth order moment, mj, is defined as

mj ¼
Z 1

0

LjnðL; zÞdL ð9Þ

with nð1; zÞ ¼ 0; nðL; 0Þ ¼ 0. As shown in the appendix, using the
moments and equation (6), the PBE can be converted into the following
equations

u
dmj

dz
¼ jðGLÞmj�2 þ JLj

crit ð j ¼ 0; 1; 2; 3Þ ð10Þ

with the boundary conditions

m1ð0Þ ¼ m0ð0ÞLW; m2ð0Þ ¼ fam0ð0ÞL2
W; m3ð0Þ ¼ fvm0ð0ÞL3

W ð11Þ

where m0(0) arbitrarily takes 0.001-1 particle=(m3s) implying almost no
particles at z ¼ 0 to comply with nðL; 0Þ ¼ 0; LW is the size of a single
wax molecule calculated by the volume of the molecule (n). In above
equations, the size of the critical nucleus Lcrit is a function of S(7)

Lcrit ¼
2rn

kBT ln S
ð12Þ

where r (in N=m) is the interfacial tension between solid (wax) and liquid
(solution); kB is the Boltzmann constant. The volume of a wax molecule

2028 J. Li et al.
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is calculated with

n ¼ Mw

qWNA
ð13Þ

where Mw is the wax molar mass, NA is Avogadro’s constant. In
equation (10), the third moment m3 is the sum of crystal volumes
per unit volume of solution, which can be used to obtain the recovery
of precipitated wax in solution, namely, ðp=6Þm3ðr4 þ 1Þ=/0, being /0

the wax volume fraction in the oil feedstock and r4 the solvent to oil
ratio at the exit of the fourth crystallizer. According to the lognormal
function as will be specified later, m�1 in equation (10) can be
expressed with other moments

m�1 ¼ m2m3
0=m3

1 ð14Þ

Particle Density Function

The moment method has a drawback that the reduced equations are not
closed after the moment conversion; an additional assumption on particle
distribution should be given before calculation; here, the lognormal func-
tion (10,11) is adopted

nðLÞ ¼ m0ffiffiffiffiffiffiffiffiffiffi
2pb2

q
L

exp �ðln L� aÞ2

2b2

 !
ð15Þ

where a ¼ ln La is the mathematical expectation of the particle distri-
bution, in which La is the average geometrical size; b is the standard vari-
ance of the distribution. Substituting equation (15) into equation (9),
we have

b2 ¼ ln
m2m0

m2
1

� �
ð16Þ

La ¼
m1

m0 exp b2

2

� � ð17Þ

Equations (15–17) can detail the information of the wax crystals once the
three moments (m0, m1, and m2) have been determined through solving
equation (10).
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Wax Supersaturation in Solution

In order to solve the PBE, the phase equilibrium data for the wax-oil-
solvent system are required for calculating S; a solubility prediction
model for non-hydrogen-bonded solvents is adopted (12)

ln /Wi ¼ �
DHm

R

1

T
� 1

Tm

� �
� DHt

R

1

T
� 1

Tt

� �

� 0:5ð1� /WiÞ 1� VW

Vi

� �

þ 0:5 ln /Wi þ ð1� /WiÞ
VW

Vi

� �

� ð1� /WiÞ2VW

RT
ðdW � diÞ2ði ¼ D;T;MÞ

ð18Þ

where the subscripts D, T, M refer to decane, toluene, and MEK respect-
ively; R is the universal gas constant; DHm and DHt are the heat of fusion
and transition of wax (J=mol); Tm and Tt are the wax melting and tran-
sition temperatures; d and �VV represent solubility parameter and molar
volume, respectively. /Wi

is the volume fraction of wax in liquid i; the
corresponding mass fraction wWi can be calculated with

/Wi ¼
V WwWi=MW

VWwWi=MW þ Við1� wWiÞ=Mi

ði ¼ D;T;MÞ ð19Þ

where M refers to molar mass. To avoid the calculations of wax in a
multi-component solvent, equations (18) or (19) are used to calculate
the solubilities of wax in C10, toluene, and MEK, separately. The
last term (the endotherm effect) of equation (18) is not needed for the
solubility of wax (C24, C28, or C32) in C10 (12). The modified solubility
parameters are used in equation (18) for improving the prediction of
the solubilities of wax in toluene or MEK (12).

The equilibrium solubility of wax in the wax-oil-solvent solution
can be expressed as

Csat ¼
P

wWiqi
_VVi

_VV total

¼ wWDqD

1þ rSD
þ rSDðwWTqT þ rMTwWMqMÞ

ð1þ rSDÞð1þ rMTÞ
ð20Þ

where, as before, q denotes density; _VV refers to volumetric flow rate. _VV total

is the overall oil-wax-solvent solution volumetric flow rate
( _VV total ¼ _VVS þ _VVD ¼ _VV M þ _VV T þ _VV DÞ; _VVS is the solvent volumetric
flow rate; rSD ¼ _VV s= _VV D is the solvent to oil ratio; rMT ¼ _VV M= _VV T is
the MEK to toluene ratio. The true solute concentration C in the

2030 J. Li et al.
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wax-oil-solvent solution can be calculated by

C ¼ ðqW/0
_VV D � qWfvm3

_VV totalÞ= _VV total ¼ qW/0=ð1þ rSDÞ � qWfvm3

ð21Þ

where /0 is the volume fraction of wax in the oil feedstock.

Temperature Distribution in Crystallizers

When operating the pilot-plant, the exit and inlet temperatures of each
crystallizer were automatically controlled, so it is convenient to assume
a linear temperature distribution in each crystallizer. Letting Ti-1 and Ti

be the inlet and outlet temperatures of the ith crystallizer (see Fig. 1),
the cooling rate for the crystallizer is

DT

Z
¼ Ti�1 � Ti

Z
ði ¼ 1; 2; 3; 4Þ ð22Þ

where Z is the crystallizer’s length. From equation (22), the temperature
at any position z of the ith crystallizer along the flow direction can be
calculated with

TðzÞ ¼ Ti�1 þ z
DT

Z
ð23Þ

MODELING RESULTS AND DISCUSSION

Source of Data and Specifications

Equation (10) involves four sets of ordinary differential equations, which
can be solved by using the Runge-Kutta-Fehlberg algorithm (13); the
FORTRAN language was used to implement all the calculations. Before
the calculation, many fundamental data are required, including the crys-
tallizer dimensions, operating conditions, physical properties of oil and
wax compounds, and the thermodynamics and kinetics data of the com-
plicated system. They are specified separately as follows.

The four crystallizers were connected in series; each crystallizer has a
length of Z ¼ 0.8 m. A scheme was arranged with decreasing inner
volumes from the first to the fourth crystallizer: 1.11, 0.946, 0.769, and
0.579 L. The oil flow rate was fixed at 1 L=h ( _VV o ¼ 0.001 m3=h) with
an initial wax content of 0.3083 (/0). This value is for the Oman #3 dis-
tillate from a vacuum distillation column in Maoming Petroleum Corpor-
ation, China. Normally, the premixing ratio of solvent to oil was 0.5:1,
namely, rSD ¼ r0 ¼ 0.5; the solvent to oil ratio in each crystallizer (rSD)

Modeling of a Continuous Crystallization Process 2031
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is equal to the solvent-to-oil ratio at the exit of the ith crystallizer (ri),
which can be determined according to the dilution solvent added between
the first and the fourth crystallizers. The average velocity of the wax-
oil-solvent mixture flowing in each crystallizer can be calculated accord-
ing to the crystallizer dimensions and the flow rates of the mixture. The
MEK to toluene ratio (rMT) for the dewaxing solvent is 1:1 if there is no
further specification. The interfacial tension r for C24 between its solid
and liquid states is equal to 0.0082 N=m, which is also adopted for that
of C28 and C32, as it indicated that the interfacial tensions of C17, C18,
and C24 have no big difference (14). C10’s viscosity (used as the oil vis-
cosity) in the temperature range 283–423 K is expressed as (15).

g0 ¼ 8:498� 10�4 exp �7:1561þ 14:2582

T=298:15

�

� 11:396

ðT=298:15Þ2
þ 4:2942

ðT=298:15Þ3

#
ð24Þ

The viscosity data of MEK and toluene at different temperatures are listed
in Table 1; the table also provides the density data of toluene and C10 from
the NIST free database. The MEK’s density in the temperature range
278–323 K was reported elsewhere (16). The solid densities of wax (C32,
C28, and C24), the modified solubility parameters of MEK and toluene,
the values of DHm, DHt, Tm, and Tt used in equation (18) could be found
in reference (12).

Taggart et al. (17) reported that the nucleation rate constants and
nucleation orders of n-alkanes from C13 to C32 in the case of hetero-
geneous nucleation in stagnant melts. The nucleation orders, i.e., 5.2 for
C24, 2.8 for C28, and 1.6 for C32, were approximately adopted in this study
because they used an expression of nucleation rate similar to equation (3),
but the Kn values could not be directly applied because a mass nuclea-
tion rate was specified in the reference. Instead, Kn is looked as an

Table 1. Physical properties of MEK, toluene, and decane (C10) at different
temperatures

Temperature, K

Physical properties 248 273 298 323

Viscosity of MEK, mPa.s 0.720 0.533 0.405 0.315
Viscosity of toluene, mPa.s 1.165 0.778 0.560 0.424
Density of toluene, kg=m3 908.59 885.49 862.30 838.82
Density of Decane, kg=m3 765.66 746.02 726.56 707.10

2032 J. Li et al.
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adjusted parameter that can be obtained from experimental information.
In later simulations, different Kn were used in order to ensure a reasonable
comparison under different operating conditions. It will also be further
discussed that the effects of Kn and p on the simulated wax crystals.

The calculated solublities (/WD) of C24, C28, and C32 in decane from
equation (18) are respectively 0.447, 0.244, and 0.00878 at 313 K. The
solid wax disappeared (solid wax is dissolved, not melted) when heating
the Oman #3 distillate to about 313 K, indicating that the solubility of
wax in oil should be larger than /0 ¼ 0.3083. Therefore, C24 as the
wax compound is a suitable choice.

The Effect of Temperature Distribution

The temperature distribution in crystallizers determines the cooling rate
of the feed mixtures, and then affects the nucleation rate and growth rate
via changing the supersaturation of wax compounds in solution. In order
to look into this effect, three temperature distributions in the four crystal-
lizers were designed as TI, TII, and TIII, in which TIII has a low cooling
rate in the first and second crystallizers, but a high cooling rate in the
fourth crystallizer. Table 2 shows these modes and details the calculated
average crystal size La, supersaturation S, and the third moment m3 at
the exits of the four crystallizers (z ¼ 0.8 m, 1.6 m, 2.4 m, 3.2 m) with a
solvent-to-oil ratio designed as RV (see Table 3). Figure 2 gives the simu-
lated CSDs at the exit of the fourth crystallizer under different cooling

Table 2. Temperature distributions and their effects on the simulated wax crystals
(T0 ¼ 313 K; Kn ¼ 5� 10�6; P ¼ 5.2)

z (m) 0.8 1.6 2.4 3.2

r1-r4 (RV) 0.5 0.5 1.5 1.5
TI T1-T4 (K) 293 273 268 258

La (mm) 206 401 549 614
S 4 45 69 278
m3 (m3=m3) 0.0 0.035 0.058 0.074

TII T1-T4 (K) 298 278 268 258
La (mm) 157 352 526 594
S 2 24 78 321
m3 (m3=m3) 0.0 0.018 0.036 0.049

TIII T1-T4 (K) 303 293 278 258
La (mm) 83 270 451 469
S 1 4 23 392
m3 (m3=m3) 0.0 0.001 0.005 0.007

Modeling of a Continuous Crystallization Process 2033

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
9
:
1
4
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



rates, in which the y-axis is a combination of the crystal population
density function n(L) with L and m0.

As Table 2 shows, La, S, and m3 increase along the flow direction
under all investigated temperature distributions. The supersaturation
has a dramatic increase due to the fast decrease of the equilibrium
concentration of wax in the solution, resulting in a considerable crystal
formation and growth. From the calculated m3 data, the recoveries of
wax at the exit of the fourth crystallizer are 31, 21, and 3% with respect
to the cases of TI, TII, and TIII, respectively. As shown in Fig. 2a,
relatively small crystals are produced under the temperature distribution
of TIII; this is because that smaller cooling rate at the beginning of the
crystallization brings smaller supersaturation of wax in solution, leading
to lower crystal growth and crystal formation rate. However, this con-
clusion depends also on the wax compounds adopted, for example, the
simulated average crystal sizes are 597, 598, and 616 mm with respect to
the cases of TI, TII, and TIII (RV, Kn ¼ 1 (particles=m3s)=(kg=m3)2.8),
respectively, if the wax is C28. Therefore, different systems should use
different operating temperature distributions, although it is empirically
known that a smaller cooling rate at the early stage of crystallization
following a higher cooling rate later can improve crystal sizes.

In addition, it is also necessary to choose an appropriate preheating
temperature (T0) and a feasible exit temperature (T4) in a practical
dewaxing process. Figure 2b shows the effect of T0 on CSDs (other
temperatures follow TI). It indicates that a low T0 will slightly increase
the crystal sizes and broaden the CSDs, though the CSDs and crystal
sizes are very close under T0 ¼ 313 K and T0 ¼ 303 K. As far as T4 is con-
cerned, both the crystal size and the crystal quantity (indicated as the
recovery of wax) show no big difference under T4 ¼ 243–263 K; this is
also true for C28 and C32. It reveals that a further decrease of T4 is not
significant for crystal growth, but a suitable arrangement of the tempera-
ture distribution is still important because here T3 is relatively low (it will
be further addressed later when discussing Table 4). In a dewaxing pro-
cess, T0 (>ambient temperature) and T4 (<273 K) are the highest and
lowest operating temperatures, respectively; it is possible to achieve
desired crystal sizes and reduce energy consumption by using a relatively
low T0 and a relatively high T4.

The Effect of Multiple Dilution Operation

In the model, equations (8), (20), and (21) can reflect the effect of multiple
dilution operation, which show that the addition of solvent affects the
supersaturation of wax in solution, the solution’s physical properties,
and the flow’s hydrodynamic behavior.
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Because many multiple dilution operations could be arranged for a
four-crystallizer dewaxing process, Table 3 shows some typical schemes
designed as RI-RVI. In the case of RI, r1 ¼ 0 means that the premixing
solvent-to-oil ratio is zero, and it is the same in the first crystallizer.
r2 ¼ 0.5 means that 0.5 L=h dilution solvent with temperature T1 is
added after the first crystallizer but before the second crystallizer.
r3 ¼ 1.0 denotes that a second stream of 0.5 L=h dilution solvent with
temperature T2 is added after the second crystallizer and before the
third crystallizer. r4 ¼ 1.5 represents that a third stream of 0.5 L=h
dilution solvent with temperature T3 is added after the third crystallizer
and before the fourth crystallizer. Consequently, RI refers to three addi-
tions of the dilution solvent but without the premixing solvent; RII,
RIII, and RIV denotes two additions of the dilution solvent with differ-
ent premixing solvent; RIV, RV, and RVI represents two additions of
the dilution solvent with adding the second streams into different crys-
tallizers (positions).

Figure 3 shows the simulated CSDs at the exit of the fourth crystal-
lizer under different multiple dilution operations, revealing that the
operations play an important role on the crystal formation and crystal
growth. Figure 3a shows that the produced wax crystals from RI have
the largest average size, largest quantity with a relatively narrow CSD
(La ¼ 756 mm, y ¼ 80%, b ¼ 0.25), corresponding to the case of zero
premixing solvent flow rate. However, the wax crystals obtained from
RIV have the smallest average size, smallest quantity, and broadest
CSD (La ¼ 454 mm, y ¼ 3%, b ¼ 0.47), corresponding to the largest pre-
mixing solvent flow rate. The results from RII show that few crystals with
small crystal sizes and relatively narrow CSD (b ¼ 0.21) are obtained
compared to that from RI. It may conclude that the lower premixing sol-
vent flow rate tends to produce more crystals with larger crystal sizes
because of the relatively long residence time in the first crystallizer for

Table 3. Different multiple dilution schemes

Z (m) 0.8 1.6 2.4 3.2
T1-T4 (K) 293 273 268 258

RI r1-r4 0 0.5 1.0 1.5
RII r1-r4 0.1 1.5 1.5 1.5
RIII r1-r4 0.3 1.5 1.5 1.5
RIV r1-r4 0.5 1.5 1.5 1.5
RV r1-r4 0.5 0.5 1.5 1.5
RVI r1-r4 0.5 0.5 0.5 1.5
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wax crystal formation and growth. Comparisons of the curves in Fig. 3b
under RIV, RV, and RVI reveal that a late addition of dilution solvent
has benefit to crystal’s further formation and growth (La ¼ 618 mm,
y ¼ 56%, b ¼ 0.36 with respect to RVI; La ¼ 454 mm, y ¼ 3%,

Figure 2. Effect of cooling rates (a) and T0 (b) on CSDs (multiple dilution: RV;
Kn ¼ 5� 10�6; p ¼ 5.2).
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b ¼ 0.47 with respect to RIV). It can also be observed that an appro-
priate addition of the dilution solvent can achieve a narrow CSD such
as the case of RV (b ¼ 0.27). As tested, the above conclusions are also
available for C28 and C32.

Figure 3. Effect of the multiple dilution operations on CSDs (temperatures: TI;
Kn ¼ 5� 10�6; p ¼ 5.2). The multiple dilution schemes (RI-RVI) for adding
dewaxing solvents are shown in Table 3.
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The Effect of MEK to Toluene Ratio

It is commonly known that increasing MEK in the MEK=toluene solvent
has benefit to the wax crystallization and filtration, and then improve the
recovery of wax because of its low viscosity and polar nature. On the other
hand, increasing toluene in the mixture solvent can increase the recovery
of DWO because of its low polarity. It is interesting to examine the effect
of the composition of the dewaxing solvent on the formed wax crystals
based on the model, which is expressed in the calculation of the diffu-
sion coefficient and solubility of wax in solution. Using Kn ¼ 5� 10�6

(particles=m3s)=(kg=m3)5.2, the calculations under RV and T1 show that
La ¼ 605mm, y ¼ 29%, b ¼ 0.27 when the solvent is a pure toluene;
La ¼ 613mm, y ¼ 31%, b ¼ 0.27 when the MEK to toluene ratio is 0.5;
and La ¼ 621mm, y ¼ 34%, b ¼ 0.27 when it is a pure MEK. As it shows,
the higher content of MEK in the dewaxing solvent is beneficial to pro-
ducing larger amount of crystals with relatively larger sizes. It is because
the diffusion coefficient of wax in MEK (D ¼ 5.07–10.8� 10�10 m2=s) is
larger than that in toluene (D ¼ 3.87–9.68� 10�10 m2=s) under the calcu-
lation conditions, and that the solubility of wax in MEK is much less than
that in toluene: /WM ¼ 0.00132 and /WT ¼ 0.432 at 313 K calculated by
equation (18) for C24. As far as C28 or C32 is concerned, the effect of
the MEK to toluene ratio on crystals becomes more obvious, and the
above conclusion from C24 is still hold.

The Effects of Other Factors

In a solvent dewaxing process, the temperature distribution and the mul-
tiple dilution operation are two key operating conditions. On the other
hand, the system’s characteristics may also consumedly affect the process,
among them, the nucleation constant, the nucleation order, and the wax
compound will be discussed in this section since the system is too com-
plicated to exactly determine these data. Furthermore, the crystallizer
dimensions will be addressed to examine the scheme with decreasing
inner volumes from the first to the fourth crystallizer.

Figure 4a shows that a low Kn increases the crystal sizes and slightly
narrows the CSDs, but clearly decreases the formed crystal quantity
(y ¼ 8% when Kn ¼ 10�6(particles=m3s) (kg=m3)5.2; y ¼ 90% when
Kn ¼ 5� 10�6 (particles=m3s)=(kg=m3)5.2. Figure 4b indicates that p does
not have an obvious effect on CSDs, but a high p can slightly reduces the
crystal sizes, and dramatically increase the crystal quantity (y ¼ 2% when
p ¼ 4.5; y ¼ 69%, when p ¼ 5.5). Hence, both Kn and p are sensitive to
the recovery of wax.
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Figure 5 shows the effects of different wax compounds on the simu-
lated CSDs and crystal sizes. Figure 5a shows that for C24 a large number
of crystals with small sizes and narrow CSD (La ¼ 499 mm, y ¼ 97%,
b ¼ 0.32) are produced. However, very few crystals with broad CSD

Figure 4. Effect of parameters Kn (p ¼ 5.2) and p (Kn ¼ 5� 10�6) on CSDs
(operating conditions: TI, RV).
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and large sizes (La ¼ 672 mm, y ¼ 0.0%, b ¼ 0.42) are produced in the
case of C32, revealing that wax crystal formation significantly depends
on the compositions of wax. For a further comparison, p ¼ 1.6 is
assumed to be identical for any wax compounds (in this case a large

Figure 5. Effect of the wax compounds on CSDs (operating conditions: TI and
RV): (a) Kn ¼ 8� 10�5, p ¼ 1.6, 2.8 and 5.2 for C32, C28 and C24, respectively;
(b) Kn ¼ 100, p ¼ 1.6.
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Kn should be used to avoid forming very few crystals in particular for
C24); it can be observed from Figure 4b, that fewer crystals and smaller
crystal sizes (La ¼ 558 mm, y ¼ 28%, b ¼ 0.44) are obtained for C24 in
comparison with C32 (La ¼ 639 mm, y ¼ 62%, b ¼ 0.44). This reveals that
the physical properties of wax are of concern because they can influence
the supersaturation of wax in solution through equations (18) and (19),
and finally influence the wax crystals.

Finally, different crystallizer dimensions designed as CI (0.4, 0.6,
0.8, and 1.0 L for the first to the fourth crystallizer, respectively), CII
(0.7L for each crystallizer), and CIII (1.0, 0.8, 0.6, and 0.4 L for the
first to the fourth crystallizer, respectively) are examined. Using
Kn ¼ 5� 10�6 (particles=m3s)=(kg=m3)5.2, the calculations under RV
and T1 indicate that the crystals from CIII have the largest quantity,
smallest average size, and broadest CSD (La ¼ 611 mm, y ¼ 20%, and
b ¼ 0.22 for CI; La ¼ 554 mm, y ¼ 21%, and b ¼ 0.29 for CIII). This
becomes more obvious, and even a reverse trend of La can be observed
if the wax compound is C32 with Kn ¼ 100 (particles=m3s)=(kg=m3)1.6

(La ¼ 524 mm, y ¼ 25%, and b ¼ 0.44 for CI; La ¼ 600 mm, y ¼ 49%,
and b ¼ 0.45). Therefore, the arrangement of CIII is feasible for a prac-
tical operation due to forming a large number of crystals, and in some
cases, of large crystals.

COMPARISON WITH EXPERIMENTAL RESULTS

Because Kn is an undetermined parameter in the model, it can be
obtained by matching calculated data to available experimental infor-
mation such as crystal sizes or CSDs. Although some SEM images of
wax crystals were reported in a previous work (2), it is still difficult to
estimate the crystal sizes and CSDs due to the bridged and agglomerated
wax crystals. However, the wax recovery can be applied to fitting Kn since
the former is sensitive to the latter as indicated from the simulations. An
experimental wax recovery, yexp ¼ 62.7% (see Table 4) that was averaged
from three repeated experiments under the same operating conditions
with a maximum difference of 9.1% (2) was used to fit the calculated
recoveries. Kn ¼ 0.00344 (particles=m3s)=(kg=m3)5.2 (p ¼ 5.2) for C24,
Kn ¼ 4.25 (particles=m3s)=(kg=m3)2.8 for C28 (p ¼ 2.8), and Kn ¼ 227
(particles=m3s)=(kg=m3)1.6 for C32 (p ¼ 1.6) were obtained. Kn was
computed from the objective function j1� ycal=yexpj < 10�3 (ycal is the
calculated wax recovery from the proposed model) either by manual
variation of Kn or any one-dimension optimizing program such as golden
section search (13). For different wax compounds, different p values and
physical properties should be used to obtain Kn.
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Table 4 presents the predicted or calculated recoveries of wax (ycal)
along with the average crystal sizes at the exit of the fourth crystallizer under
other operating conditions by using the fitted Kn for all the three wax com-
pounds. As the table shows, the predicted recoveries for C24 are in accept-
able agreement with the experimental data under different MEK to toluene
ratios, although the predictions are underestimated. The yexp in Table 4
were not directly from the experiments, but obtained from the recoveries
of DWO (2); in the calculation, an average oil content (12%) in the filtrated
slack wax-oil mixture was deducted, assuming that there is no loss of oil in
the oil-solvent separation and filtration processes. The underestimation of
the predications can be partly attributed to this assumption and the neglect-
ing of the crystal growth in the suspension vessel. Comparison of the first
and the second lines in Table 4 shows that an appropriate arrangement of
T1-T4 with a low T4 can truly improve the wax removal from the waxy oil
when using the wax compound C24. However, for the C28-C10 or C32-C10

system, reverse results can be observed, indicating again that C24 is a more
suitable choice as the main representative wax compound.

CONCLUSIONS

In this work, a steady 1-D parallel flow model was established for the sol-
vent dewaxing process based on the particle population balance, crystal-
lization kinetics, phase equilibrium, and the nature of the tube-in-tube
crystallizer. Using this model, the effect of operating conditions (tem-
perature distributions, multiple dilutions and the MEK to toluene ratio),
system’s characteristics (nucleation kinetics parameters and wax com-
pound), and the crystallizer dimensions on the formed wax crystals is
simulated and discussed in detail. From these studies, conclusions under
the investigated conditions are as follows:

1. A relatively small cooling rate at the beginning of crystallization and a
relatively high cooling rate at the late stages of the crystallization

Table 4. Comparisons of experimental recoveries of wax with calculated results
(T0 ¼ 313 K; r1 ¼ 0.5; r2 ¼ r3 ¼ r4 ¼ 1.5)

T1-T4 (K)
MEK=toluene

ratio yexp ycal=La
b ycal=La

c ycal=La
d

301, 288, 283, 278 2:3 62.7a 62.7=399 62.7=555 62.7=609
301, 278, 268, 263 2:3 82.4 75.5=381 58.9=517 58.6=577
301, 278, 268, 263 1:1 92.6 77.5=388 61.6=528 60.5=584
301, 278, 268, 263 3:2 96.3 79.4=389 64.1=538 62.2=591

aIt was used to determine Kn; bC24; cC28; dC32; La in mm.
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provide few crystals with small sizes at the exit of the fourth crystal-
lizer; reverse results may be achieved when using different wax
compounds.

2. It is possible to use a relatively low premixing temperature of the oil
feedstock-solvent mixture and a relatively high exit temperature of the
fourth crystallizer to achieve desired wax crystals and reduce the pro-
cess energy consumption simultaneously.

3. Multiple dilution operation has a very effective effect on the wax crys-
tal formation and growth. A low premixing solvent flow rate is ben-
eficial to forming a large number of crystals with large sizes and
narrow CSDs. A late addition of dilution solvent is helpful to produce
a large number of crystals with large sizes.

4. High content of MEK in the MEK=toluene dewaxing solvent
is beneficial to producing a large number of crystals with large
sizes.

5. The recovery of wax-from-oil feedstock is sensitive to nucleation con-
stant; a low nucleation constant can increase the sizes of wax crystals,
but dramatically reduces the formed crystal quantity.

6. A high nucleation order dramatically increases the formed crystal
quantity and slightly reduces the crystal sizes. If C24 is looked as
the wax compound, smaller crystals are produced in comparison with
C32 or C28. The four crystallizers designed with a decreasing inner
volume can increase the formed crystal quantity.

7. The predicted recoveries of wax are in acceptable agreement with
available experimental data, which supports that C24 could be the
main representative wax compound for the investigated distillate. It
also indicates that the model could be used to direct the dewaxing
operation and process design.

In addition, the established model can also be applied to other
continuous crystallization processes using tube-in-tube crystallizers.
Nevertheless, before the model’s practical applications, it is important
to have the system’s exact compositions and determine the system’s crys-
tallization kinetics parameters by comparing modeling results with more
experimental data, such as real time CSDs or crystal sizes at the exit of
the final crystallizer.
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LIST OF SYMBOL

C: solute concentration in solution, kg=m3

DC: supersaturation

D: diffusion coefficient of wax in solution, m2=s

fv, fa: volume=surface shape factor

g: order of crystal growth

G: crystal growth rate, m=s

DHm: heat of fusion, J=mol

DHt: heat of transition, J=mol

J: nucleation rate, particles=(m3s)

kB: Boltzmann’s constant, J=K

kd: mass transfer coefficient, m=s

Kn: nucleation rate constant, (particles=m3s)=(kg=m3) p

L: crystal size, mm

La: average geometrical size, mm

m0: zeroth moment, particles=m3

m1: first moment, m=m3

m2: second moment, m2=m3

m3: third moment, m3=m3

M: molar weight, kg=mol

N: particle density, particles=m3

NA: Avogadrós constant, molecules=mol

n: particle size distribution function, particles=(m m3)

p: order of nucleation

ri: solvent to oil ratio at the exit of the ith crystallizer

rSD: solvent to oil ratio

rMT: MEK to toluene ratio

R: ideal gas constant, J=(K mol)

S: relative supersaturation

Sh: Sherwood number, ¼ kdL=D

T: temperature, K

Tm, Tt: melting=transition temperature, K

t: time, s

u: fluid velocity, m=s

V: crystallizer volume, m3

_VV : volumetric flow rate, m3=h
�VV : molar volume, m3=mol

v: molecule’s volume, m3

w: mass fraction

x: molar fraction

y: recovery of wax crystals

Z: length of crystallizer, m

z: axial distance, m
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Greek Letters
a: mathematical expectation of particle distribution

b: standard variance of particle distribution

d: solubility parameter, Pa�0.5

/: volume fraction

q: density, kg=m3

r: interfacial tension, N=m

g: viscosity, Pa s

f: association factor

Subscripts
D: oil (decane)

M: MEK

m: mixture of solvent and oil

s: solvent

T: toluene

w: wax

crit: critical nuclei

sat: saturation

0: feed

1,2,3,4: exit of the first, second, third and fourth crystallizers

APPENDIX: DERIVATION OF EQUATION (10)

Multiplied by Lj and integrated with respect to L on both sides, equation
(2) givesZ 1

0

u
@n

@z
LjdLþ

Z 1
0

@ðnGÞ
@L

LjdL ¼
Z 1

0

JdðL� LcritÞLjdL ðA1Þ

According to equation (9), the first term of equation (A1) can be
reduced to Z 1

0

u
@n

@z
LjdL ¼ u

d

dz

Z 1
0

nLjdL ¼ u
dmj

dz
ðA2Þ

where the velocity u is a constant. Because GL is independent on L
as indicated in equation (6), the second term of equation (A1) can be
written as

Z 1
0

@ðnGÞ
@L

LjdL ¼ nGLj
��1
0
�
Z 1

0

jnGLj�1dL

¼ �jGL

Z 1
0

nLj�2dL ¼ �jGLmj�2 ðA3Þ
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where nð1; zÞ ¼ 0 has been applied. According to the property of the
Dirac function, the third term of equation (A1) becomesZ 1

0

JdðL� LcritÞLjdL ¼ JLj
crit ðA4Þ

Combing equations (A1–A4), equation (10) can be obtained.
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